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The effective Skyrme energy density functionals are widely used in the study of nuclear structure,
nuclear reaction and neutron star, but they are less established from the heavy ion collision data.
In this work, we find 22 effective Skyrme parameter sets, when incorporated in use the transport
model, ImQMD, describe the heavy ion collision data, such as isospin diffusion data at 35 MeV/u
and 50 MeV/u. We use these sets to calculate the neutron skin of 208Pb based on the restricted
density variation method, and obtain the neutron skin of 208Pb in the range of δRnp = 0.18± 0.04
fm.
Introduction. Over last couple decades, the effective
nuclear energy density functionals, which take into ac-
count some of the complicated correlations that charac-
terize complex nuclei, have become a tool for describing
the properties of nuclear ground-states, heavy ion colli-
sions and neutron stars. Considerable progress has been
achieved in constructing and optimizing the effective en-
ergy density functionals (EDF), both in nonrelativistic[1–
8] and relativistic[9–15] frameworks. Recently, construc-
tion of the EDFs has been also inspired by ab initio cal-
culations [16] and effective field theories[17, 18].
Traditionally, the effective Skyrme energy density func-
tionals are more commonly used in nuclear structure, re-
actions and astrophysics studies for their relative simplic-
ity in computation but containing sufficient physics to al-
low quantitative description of structures and reactions
of nuclei[19]. The parameters in the Skyrme energy den-
sity functionals are obtained through best fitting of the
nuclear matter parameters, as well as the properties of
nucleus, such as binding energy, shell gap, rms radii, fis-
sion barriers and giant resonance energies, some of them
also consider the properties of neutron stars. So far, more
than 200 parameter sets with their corresponding nuclear
matter parameters have been obtained. As shown in
reference[20], the uncertainties in predictions of nuclear
matter parameters from the compiled parameter sets,
such as, incompressibility K0 = 9ρ
2 ∂
2/ρ
∂ρ2 |ρ0 , isoscalar
effective mass mm∗s
= (1 + 2m~2
∂
∂τ
E
A )|ρ0 [8], symmetry en-
ergy coefficient S0 = S(ρ0), slope of symmetry energy
L = 3ρ0
∂S(ρ)
∂ρ |ρ0 , and isovector effective mass m
∗
v
m =
1
1+κ ,
where κ is the enhancement factor of the Thomas-Reich-
Kuhn sum rule[21], still exits. One method of improving
the Skyrme energy density functional is to constrain it
in a multi-dimensional parameter space and in a large
density range, which can be realized by best fitting the
heavy ion collision data with the transport model cal-
culations. Heavy ion collision can form high density in
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its compression phase, and subnormal density during its
expansion, thus, the heavy ion collision can check the ef-
fective energy density functional over a large density re-
gion. In another, one has to remove a prior correlations
on the nuclear matter parameters when one use the data
to obtain the effective Skyrme energy density functional
parameters.
In this work, we adopt the nuclear matter parame-
ters {K0, S0, L, m∗s, fI } as independent inputs and
then to obtain the effective Skyrme interaction param-
eter sets. Here, we replace m∗v by fI , which is defined
as fI =
1
2δ (
m
m∗n
− mm∗p ) =
m
m∗s
− mm∗v , since the fI can be
analytically incorporated into the transport model and
its sign reflects the m∗n > m
∗
p or m
∗
n < m
∗
p. The range
of nuclear matter parameters {K0, S0, L, m∗s, fI } and
the correlation between them are estimated, and 22 effec-
tive Skyrme parameter sets, are obtained by comparing
the transport model calculations to the HIC data, such
as isospin diffusion data at 35 and 50 MeV/u, are dis-
cussed. Finally, we use the obtained 22 parameter sets
to calculate the neutron skin of 208Pb using the restricted
density variational method.
ImQMD model. The transport model used in this work
is the ImQMD-Sky[22, 23]. In the model, the nucleonic
potential energy density without the spin-orbit term is
uloc + umd, and
uloc =
α
2
ρ2
ρ0
+
β
η + 1
ρη+1
ρη0
+
gsur
2ρ0
(∇ρ)2 + (1)
gsur,iso
ρ0
[∇(ρn − ρp)]2 +Asym ρ
2
ρ0
δ2 +Bsym
ρη+1
ρη0
δ2
and Skyrme-type momentum dependent energy density
functional umd is written based on its interaction form
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2δ(r1 − r2)(p1 − p2)2[1, 2, 23] as,
umd =C0
∑
ij
∫
d3pd3p′fi(r, p)fj(r, p′)(p− p′)2 + (2)
D0
∑
ij∈n
∫
d3pd3p′fi(r, p)fj(r, p′)(p− p′)2 +
D0
∑
ij∈p
∫
d3pd3p′fi(r, p)fj(r, p′)(p− p′)2.
The connection between 9 parameters α, β,
η, Asym, Bsym, C0, D0, gsur, gsur,iso used in
ImQMD-Sky and the 9 nuclear matter parameters,
{ρ0, E0,K0, S0, L,m∗s,m∗v, gsur, gsur,iso}, are given by
following analytical relationship,
gρτ =
3
5
(
m0
m∗s
− 1)0F , (3)
η = (K0 +
6
5
0F − 10gρτ )/(
9
5
0F − 6gρτ − 9E0)
β =
( 15
0
F − 23gρτ − E0)(η + 1)
η − 1 , α = E0 − 
0
F −
8
3
gρτ − β,
C0 =
1
16~2
Θv, D0 =
1
16~2
(Θs − 2Θv),
Csym = − 1
24
(
3pi2
2
)2/3(3Θv − 2Θs)ρ5/30 ,
Bsym =
3S0 − L− 130F + 2Csym(m∗s,m∗v)
−3σ
Asym = S0 − 1
3
0F −Bsym − Csym(m∗s,m∗v)
where Θs = (
m0
m∗s
− 1) 8~2m0ρ0 , Θv = (m0m∗v − 1)
4~2
m0ρ0
, and
η = σ + 1. Similar relation has been discussed in
references[24, 25]. The novel approach used in this
work is that we set the 9 nuclear matter parame-
ters {ρ0, E0,K0, S0, L,m∗s,m∗v, gsur, gsur,iso } as the in-
put of the ImQMD-Sky code. The coefficients of surface
terms are set as gsur = 24.5MeV fm
2 and gsur;iso =
−4.99MeV fm2, and varying of gsur and gsur,iso in a
reasonable region for different Skyrme interactions has
negligible effects on the calculated experimental observ-
ables in intermediate energy heavy ion collisions. The
nucleon-nucleon collision and Pauli-blocking part used in
this work are treated as the same as that in Ref[26–28],
and we do not vary its strength or form in this study since
previous calculations have shown it does not strongly in-
fluence the isospin sensitive observables we studied[29].
Density variational method. The approach we used
to calculate the neutron skin is the restricted density
variational method (RDV), which as the same as in
the Ref.[37], where the semi-classical expressions of the
Skyrme energy density functional are applied to study
the ground state of energies, the neutron proton density
distributions, and the neutron skin thickness of a series
of nuclei. The binding energy of a nucleus is expressed
as the intergral of energy density fucntional, i.e.
E =
∫
Hdr =
∫
~2
2m
[τn(r)+τp(r)]+Hsky+Hcouldr (4)
The energy density functional Hsky is nucleonic density
functional, which has the same form as we used in the
ImQMD model, but with the spin-orbit interaction form.
In our calculations, we take the density distribution as a
spherical symmetric Fermi function:
ρi = ρ0i[1 + exp(
r −R0i
a
)], i = n, p. (5)
By minimizing the total energy of the system given by
Eq. (4), the neutron and proton densities can be obtained
and thus the neutron skin.
Results and Discussions. We choose commonly used
values of ρ0 = 0.16fm
−3, E0 = −16MeV , and thus only
5 nuclear matter parameters K0, S0, L, m
∗
s, fI , are left
in the parameter space. The different parameter sets cor-
respond to the different points in 5 dimension parameter
space, x = {K0, S0, L,m∗s, fI}. We sampled 120 points
in 5D parameter space in the range which we listed in
Table I under the condition that η ≥ 1.1. η ≥ 1.1 is
used for guaranteeing the reasonable three-body force in
the transport model calculations. The range of these nu-
clear matter parameters are chosen based on the prior
information of Skyrme parameters (Supplementary Fig.
1). As an example, the 120 sampled points are presented
as open and solid circles in two-dimensional projection
in Figure 1. The points of parameter sets uniformly dis-
tribute in two-dimensional projection except for the plots
of K0 and m
∗
s/m due to the restriction of η ≥ 1.1. We
perform the calculations for isospin transport diffusion at
35 MeV/u and 50 MeV/u at b=5-8fm with the impact
parameter smearing[30] for 112,124Sn+112,124Sn. 10,000
events are calculated for each point in the parameter
space and simulation are stopped at 400fm/c. The cal-
culations are performed on TianHe-1 (A), the National
Supercomputer Center in Tianjin.
In Figure 2, the lines represent the calculated results of
isospin transport ratio Ri with 120 parameter sets. The
isospin transport ratios Ri is defined as
Ri =
2Xab −Xaa −Xbb
Xaa −Xbb (6)
which is constructed from at least three reaction sys-
tems, two symmetric systems, such as 112Sn+112Sn and
TABLE I. Model parameter space used in the codes for the
simulation of 112,124Sn+112,124Sn reaction. 120 parameter sets
are sampled in this space by using Latin Hyper-cuber Sam-
pling method.
Para. Name Values Description
K0 (MeV) [200,280] Incompressibility
S0 (MeV) [25,35] Symmetry energy coefficient
L (MeV) [30,120] Slope of symmetry energy
m∗s/m0 [0.6,1.0] Isoscalar effective mass
fI = (
m0
m∗s
− m0
m∗s
) [-0.5,0.4] fI =
1
2δ
(m0
m∗n
− m0
m∗p
)
325
30
35
S 0
(M
eV
)
(a)
50
100
(b)L
 (M
eV
)
(c)
s0
0.6
0.8
1.0
(d)
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(e)
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(f)
L
200 300
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(g)
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*
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*
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(h)
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FIG. 1. (Color online) Sampled parameter set points in 5-
D parameter space, blue solid points are the sets which can
reproduce two isospin diffusion data.
124Sn+124Sn, and one mixing system 112Sn+124Sn or
124Sn+112Sn. In Eq.(6), a =124 Sn, b =112 Sn andX = δ
which is the isospin asymmetry of emitting source[29, 31]
in the transport model calculations. In theory, the defini-
tion on the emitting source comes from the physical pro-
cess where the isospin diffusion reflects the isospin asym-
metry of the projectile-like residue immediately after the
collision and prior to secondary decay. Based on this con-
cept, the ‘emitting source’ are constructed from the emit-
ted nucleons and fragments with velocity greater than
half of the beam velocity, i.e. vi > 0.5v
c.m.
b , i=fragments,
nucleons. The values of isospin transport ratio at projec-
tile region reflect the isospin diffusion which depends on
the stiffness of symmetry energy and the strength of ef-
fective mass[23, 32].
0.0
0.2
0.4
0.6
0.8
1.0
50MeV/u
i
 E35 data
 E50 data
35MeV/u
FIG. 2. (Color online) Stars are the isospin diffusion data at
35 MeV/u and 50 MeV/u [33, 34], lines are the calculated
isospin transport ratios with 120 parameter sets.
Two stars in middle panel of Figure 2 are the exper-
imental data which are isospin transport ratio at pro-
jectile rapidity region, constructed from the isoscaling
parameter X = αiso at 50 MeV/u[33, 35] and the ratio
of X = Y (7Li)/Y (7Be)[33, 34] at the beam energy of
35 MeV/u. The isospin transport ratio obtained from
δ can be compared to that constructed from αiso or
Y (7Li)/Y (7Be) assuming there is a linear relationship
between them[33]. As shown in Figure 2, the full model
calculated results show large spread around the exper-
imental data[33–35]. By comparing the calculations to
the data, we find 22 parameter sets that can reproduce
the isospin diffusion data within experimental errors.
We highlight those points that can reproduce the ex-
perimental data within experimental errors with blue
solid symbols in upper panel of Figure 1. Generally, one
can observe: 1) L increase with S0. The constrained
points distribute in the bottom-right corner in the S0-L
plot (panel (c)), and the large L with small S0 are ruled
out. From panel (j), the isospin data is not sensitive to
the effective mass. This parameter seems to be more sen-
sitive to double neutron and proton spectral ratios[58].
By using the Eq. (4) and relations in reference [22, 27],
we can construct the effective standard Skyrme param-
eter sets, {t0, t1, t2, t3, x0, x1, x2, x3, σ}, except the
coefficient related to the spin-orbit terms. In table (II),
we present the extracted 22 standard Skryme parame-
ter sets and the corresponding neutron skin of 208Pb i.e.,
∆Rnp ≡< r2n >1/2 − < r2p >1/2, based on the RDV
method. The averaged values of neutron skin of 208Pb
is δRnp = 0.18 ± 0.04 fm, and it is consistent with the
neutron skin values extracted from the experiments from
reference [39–49].
Based on the extracted 22 Skyrme parameter sets,
we can also obtain the corresponding symmetry energy
which is a hot topic in the physics of heavy ion colli-
sions. The form of corresponding density dependence of
symmetry energy for cold nuclear matter in the Skyrme-
Hartree-Fock approach read as,
S(ρ) =
1
3
~2
2m
(
3pi2
2
)2/3ρ2/3 − 1
8
t0(2x0 + 1)ρ (7)
− 1
24
(
3pi2
2
)2(3Θv − 2Θs)ρ5/3
− 1
48
t3(2x3 + 1)ρ
σ+1
=
1
3
~2
2m
(
3pi2
2
ρ)2/3 + (Asymu+Bsymu
η + Csymu
5/3),
where u = ρ/ρ0. S0 = S(ρ0) and
L = 3ρ0
∂S(ρ)
∂ρ
|ρ0 (8)
=
2
3
~2
2m
(
3pi2
2
)2/3ρ
2/3
0 −
3
8
t0(2x0 + 1)ρ0
− 5
24
(
3pi2
2
)2(3Θv − 2Θs)ρ5/30
−3(σ + 1)
48
t3(2x3 + 1)ρ
σ+1
0 .
The density dependence of the symmetry energy ob-
tained from 22 parameter sets are presented in left panel
of Figure 3. The shadow region with blue color represents
4TABLE II. Extracted 22 standard Skyrme parameter sets and the corresponding neutron skin values based on RDV method.
t0 in MeV fm
3, t1 and t2 in MeV fm
5, t3 in MeV fm
3σ+3, x0 to x3 is dimensionless quantities. In the RDV calculations of
this work, W0 = 130MeV fm
5 and ρ0 = 0.16fm
−3.
t0 t1 t2 t3 x0 x1 x2 x3 σ ∆Rnp
-1890.80 427.97 -490.81 12571.72 0.10669 -0.19396 -0.7161 0.15416 0.29804 0.14356
-1374.17 428.19 -607.42 10814.29 0.04292 -0.26258 -0.81939 0.24329 0.51892 0.14216
-1569.42 474.60 3.93 9415.46 0.21035 -0.03708 -41.13867 -0.02844 0.37265 0.16947
-1572.00 455.14 -359.50 10186.44 0.10568 -0.18487 -0.69112 0.07323 0.38608 0.1803
-1714.97 472.30 -688.83 10110.07 0.34791 -0.39789 -1.01437 0.97341 0.31666 0.15358
-1452.20 426.91 -352.89 10979.89 -0.02416 -0.11056 -0.50064 -0.25793 0.46733 0.16337
-1395.03 478.63 -263.07 8737.27 0.20269 -0.18678 -0.68719 0.48667 0.47509 0.13906
-3048.33 410.78 -744.73 19381.38 -0.28089 -0.3043 -0.8462 -0.35056 0.16036 0.22825
-3312.92 501.46 -515.21 17988.52 1.00059 -0.36089 -1.06232 1.48966 0.10376 0.10553
-1644.99 465.37 -460.59 10070.75 0.24038 -0.26259 -0.86375 0.55912 0.34745 0.14974
-1914.52 477.95 140.60 10865.66 0.15117 0.02588 -2.31398 -0.12133 0.25704 0.15966
-1766.26 411.68 -411.04 12629.01 -0.43493 -0.10372 -0.52328 -0.93988 0.34248 0.23979
-2480.04 483.17 -323.15 13757.39 0.39189 -0.22784 -0.82337 0.54526 0.16807 0.17542
-2359.49 438.85 -383.47 14591.08 -0.02704 -0.15899 -0.63047 -0.17633 0.20869 0.20927
-1945.23 461.46 -625.89 11613.88 0.15946 -0.34378 -0.95171 0.41995 0.26249 0.17595
-1393.55 467.84 -169.89 9181.01 0.06398 -0.11247 -0.2356 -0.13504 0.48318 0.16756
-2406.93 410.43 -139.80 15831.81 -0.50854 0.06498 0.90667 -1.02398 0.21879 0.24224
-1396.68 408.85 -121.72 11646.34 0.0986 0.08113 1.25635 -0.43832 0.51157 0.15322
-1368.43 448.90 -418.69 9938.92 -0.21753 -0.20303 -0.73659 -0.6341 0.51343 0.22588
-1579.20 441.03 -234.77 10767.52 0.19335 -0.08009 -0.25897 0.09028 0.39256 0.15074
-1386.09 425.85 -670.47 10922.75 -0.33682 -0.29417 -0.85204 -0.68126 0.51127 0.2551
-1474.21 418.40 -605.68 11375.98 -0.25086 -0.23842 -0.78177 -0.4952 0.45917 0.21354
for the S(ρ) constrained from the two isospin diffusion
data, i.e., Ri at 35 MeV/u and 50 MeV/u, within 1σ. The
region within the blue dashed lines are the constrained
S(ρ) within 2σ uncertainties. The shadow region with
cyan color is the constraint of symmetry energy obtained
in 2009 by analyzing the data of isospin diffusion, isospin
transport ratio, and double neutron to proton yield ratio
at 50 MeV/u with ImQMD codes[31], where the corre-
sponding density dependence of symmetry energy is
S(ρ) =
1
3
~2
2m
(
3pi2
2
)2/3ρ2/3 +
Cs
2
(
ρ
ρ0
)γ . (9)
Compare to the constraints of S(ρ) by 2009 HIC data, the
new analysis improve the constraints at the density below
∼ 0.13fm−3 because we include isospin diffusion data at
35 MeV/u in this analysis. The uncertainties of the con-
straints of symmetry energy around normal density be-
come larger than that in 2009, because the current anal-
ysis includes the uncertainties of K0, m
∗
s, and fI . The
symmetry energy obtained from the electric dipole po-
larizability in 208Pb [54](red circle), properties of double
magic nuclei and masses of neutron-rich nuclei[52] (black
square and up triangle) and Fermi-energy difference in fi-
nite nuclei[53] (blue down triangle) are also presented in
the left panel of Figure 3. The symmetry energy obtained
in this work is consistent with the previous constraints
within 2σ uncertainties.
FIG. 3. (Color online). Symmetry energy information from
22 Skyrme parameter sets. Left panel is for density dependent
of symmetry energy in the range of 1/3-1.2 normal denisty.
Right panel is for the S0 and L values. Black points in mid-
dle and right panel are the sets can reproduce the assumed
neutron skin thickness of 208Pb, i.e. δRnp = 0.15± 0.02 fm.
The consistence of the symmetry energy obtained from
22 Skyrme parameter sets and the symmetry energy con-
straints from other nuclear structure studies[52–54] is be-
cause both contain the information of symmetry energy
5at subsaturation density. It can be simply understood
from the right panel of Figure 3 by using the approach
of sensitive density proposed by W.G. Lynch and M.B.
Tsang[55]. The shaded region in the right panel of Fig-
ure 3 is the constraint given by reference [31], and the
points in the right panel are the constraint by the isospin
diffusion data at 35 and 50 MeV/u in this work. The cor-
relation between S0 and L is consistent with our previous
work[58]. By best linear fitting these points, the values
of ∂S0∂L can be obtained, and we got
∂S0
∂L = 0.061 with
standard error 0.022. Thus, the corresponding sensitive
density is ρs/ρ0 = 0.685− 0.946 with 2σ of the ∂S0∂L . The
range of sensitive density is consistent with the dynami-
cal prescription of isospin diffusion process in peripheral
heavy ion collisions, where the density in the neck region
evolves from normal density to subnormal density until
the neck breaks. This is also close to the corresponding
average density region in the nuclear skin studies[52, 56].
We do not use the data of double neutron to proton
yield ratios[57] to extract the effective Skyrme energy
density functional in this work, because the data of dou-
ble neutron to proton yield ratios in 2006[57] has large
errors and later proved to be wrong. In addition, the
analysis from both QMD type or BUU type models could
not well reproduce the neutron and proton yields due
to the inadequacy of mechanism in describing the light
particle formation, especially at the beam energy of 50
MeV/u. Analysis of the single and double coalescence
invariant neutron to proton yield ratios at 120 MeV/u
can be found in [58].
Summary. In summary, we established 22 Skyrme pa-
rameter sets by comparing, the isospin diffusion data at
35 and 50 MeV/u, to transport model calculations where
we use the nuclear matter parameter as an input for re-
moving the prior correlation between them. Based on
the restricted density variation method, the neutron skin
of 208Pb from 22 parameter sets is ∆Rnp = 0.18±0.04fm.
The values of K0, S0, L, m
∗
s/m, and fI of 22 Skyrme pa-
rameter sets are estimated. Our calculations show the
positive correlation between S0 and L under the con-
straints from isospin diffusion data, and the L values ob-
tained from 22 parameter sets distribute from 30 to about
100 MeV. Most of the estimated values of fI in this work
are negative which corresponds to the m∗n > m
∗
p, but
we can not rule out fI > 0 (i.e. m
∗
n < m
∗
p) by using
the diffusion data. Future works on comprehensive test
of Skyrme parameter sets with nuclear structure, neu-
tron stars as well as in heavy ion collision will be helpful
for constraining the isospin asymmetric equation of state
over a large density region.
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